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MINIMAL MONOMIAL REDUCTIONS AND THE REDUCED 
FIBER RING OF AN EXTREMAL IDEAL 

POOJA SINGLA 


Abstract. Let I be a monomial ideal in a polynomial ring A = K[xi ,.. . ,x n }. 
We call a monomial ideal J to be a minimal monomial reduction ideal of I if there 
exists no proper monomial ideal L C J such that L is a reduction ideal of I. We 
prove that there exists a unique minimal monomial reduction ideal J of / and we 
show that the maximum degree of a monomial generator of J determines the slope 
p of the linear function reg(/ 4 ) = pt + c for t 3> 0. We determine the structure 
of the reduced fiber ring d of J and show that tF(J) T ed is isomorphic to 

the inverse limit of an inverse system of semigroup rings determined by convex 
geometric properties of J. 


Introduction 

Let / be a monomial ideal in a polynomial ring A — K[x 1 ,..., x n ] over a field K. 
Let G(I) denote the unique minimal monomial set of generators of I. 

Cutkosky-Herzog-Trung [5] and independently Kodiyalam [10] have shown that 
for any graded ideal / in a polynomial ring A = K[x i,..., x n ], the regularity of I f ' is 
a linear function pt + c for large enough t. Also the coefficient p of the linear function 
is known and it is given by the min{#(J) : J is a graded reduction ideal of /}, see 
[10]. Here 0(J) denotes the maximum of the degrees of elements in G(J). 

In Section 2 we give a convex geometric interpretation for this coefficient p for any 
monomial ideal / C A: let S be any set of monomials in A. We denote by T(S') C N n 
the set of exponents of the monomials in S. Now let J be the monomial ideal which 
is determined by the property that T(G(J)) = ext(J), where ext(J) denotes the 
extreme points of the convex set conv(J). Here conv(J) denotes the convex hull of 
the elements of the set r(J) in R”. This convex set is commonly called the Newton 
polygon of I. We show in Proposition 2.1 that the ideal J is the unique minimal 
monomial reduction ideal of /, that is, there exists no proper monomial ideal L C J 
such that L is again a reduction ideal of I. It turns out that p = d(J). In other 
words, p = maxjdegoP: a G ext(/)}. 

We call a reduction ideal L of / to be a Kodiyalam reduction if 9(L) = p. Thus the 
ideal J generated by monomials whose exponents belong to ext(J) is a Kodiyalam 
reduction. 

We call a monomial ideal L to be an extremal ideal if T(G(L)) = ext(L). In 
other words, L is an extremal ideal if L is its own minimal monomial reduction. 
Notice that each squarefree monomial ideal is an extremal ideal. Let p(L) denote 
the number of generators in a minimal generating set of a graded ideal L. It is easy 
to see that /r(Rad/) is bounded above by | ext(/)[ for any monomial ideal / C A. 

l 


In Section 3 we describe the faces of conv(/ m ) for a monomial ideal /, and compare 
the supporting hyperplanes and the faces of conv(/ rai ) and conv(/" 2 ) for two positive 
integers ni, n 2 . 

In Section 4 we determine the structure of the reduced fiber ring F(L ) red of an 
extremal ideal L. For any graded ideal L C A — K[x±, ..., x n ] , the fiber ring F{V) 
is defined to be 7Z(L)/xrilZ(L) = 0 n>o L ri /mL n where 7 Z(L) is the Rees ring and 
m = (aq,... ,x n ) C A is the graded maximal ideal of A. The main motivation to 
study the structure of the reduced fiber ring of an extremal ideal is to determine the 
dimension of the fiber ring of an arbitrary monomial ideal. Let I C A be a monomial 
ideal and J C I he its minimal monomial reduction. Then J is an extremal ideal, 
and dimjF(J) = dimjF(J) = climjF(J) red . So as far as dimension is concerned it 
is enough to consider the reduced fiber ring jF(J) red of the extremal ideal J, whose 
structure is in general much simpler than that of F(J). 

Let F c denote the set of all compact faces of conv(J). It is shown in Lemma 
3.1 that for each F E F c , we have F = conv{a J1 ,, a ]t } where F fl ext(J) = 
[a n ,..., a 3t }- For each F E F c we put K[F] = K[x a 't: a } E F], As the main 
result of Section 4 we show in Theorem 4.9 that F(J) rex \ = lim f£F c K[F\. As an 
application to the Theorem 4.9 we get in the particular case of monomial ideals a 
result of Carles Bivia-Ausina [4] on the analytic spread of a Newton non-degenerate 
ideal. 

Let L denotes the integral closure of an ideal L. In Section 5, using convex 
geometric arguments, we show in Theorem 5.1 that F = JF~ l where t is the 
analytic spread of /. If we assume that I a is integrally closed for a < l — 1, then as 
a corollary of Theorem 5.1, we obtain that I f = JI 1-1 , and that / is a normal ideal. 

I am very much grateful to Prof. Herzog for many helpful discussions and com¬ 
ments. 


1. Some Preliminaries on the Convex Geometry of Monomial Ideals 

Let / be a monomial ideal in a polynomial ring A — K[x i,..., Xn\ over a field K. 
We denote by G(I) the unique minimal monomial generating set of I. 

For a monomial u = x a = x ■ • • Xn '^ E A we denote by r(w) the exponent 
vector (a(l),..., a(n)) of u. Similarly, if S is any set of monomials in A, we set 
r (S) = {r (u):u E S}. 

We denote the convex hull of r(J) by conv(J). Here r(J) = {a : x a E /}. Recall 
that conv(J) is a polyhedron. A polyhedron can be defined as the intersection of 
finitely many closed half spaces. A polyhedron may also be thought of as the sum of 
a polytope (which is the convex hull of a finite set of points) and the positive cone 
generated by a finite set of vectors. Indeed these two notions are equivalent, (see 
[15, Theorem 1.2]). 

Suppose that G(I ) = {x ai , ... ,a:“ s }, then 

conv(J) = conv{ai, a 2 ,..., a s } + M> 0 , 
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see [12, Lemma 4.3]. Here the positive cone M" 0 denotes the set of vectors «eR" 
such that u(i) > 0 for all i = 1,... , n. It follows that conv(J) is a polyhedron. It is 
called the Newton polyhedron of /. 

Let Hi = {v G M n j (v, Ui) = c,;} where Ui G R n , c* G M for i — 1,..., m be the 
hyperplanes in M n such that conv(J) = {v G M n | ( v,Ui) > Ci, i = 1 We 

observe 

Lemma 1.1. The vectors belong to M> 0 for i = 1 ,,m. 

Proof. We prove that {ej,Uj) = ufj) > 0 for all i,j. Here the vectors ej = 
(0,..., 0,1, 0,..., 0) are the canonical unit vectors in K n for j = 1,..., n and 1 
being at jth place. Let a G T(J), then a + tej G conv(J) for all j and t G M>o- 
Hence (a + tej,Uj) > for all i, j. Suppose ( ej 0 ,Ui 0 ) < 0 for some jo,io■ Then we 
have (a + tej 0 ,u io ) < c io for t S> 0, which is a contradiction. □ 

Before proceeding further we need to set up some terminology from convex ge¬ 
ometry (see [7]). We define the notions of exposed points and extreme points for 
a convex set X C M n . A point a G X is said to be an extreme point, provided all 
b, c G X, 0 < A < 1, and a = Xb + (1 — A)c imply a = b = c. We denote this set of 
extreme points by ext(X). 

Let H = {v G R ra | ( v , u) = c} be a hyperplane where u G M n , cGt We denote by 
H + the nonnegative closed half space defined by H, i.e. H + = {v G M n | (v,u) > c}. 
We say H is a supporting hyperplane of a closed convex set X, if X C H + and 
X fl H 0. Again, we may notice, as in Lemma 1.1 that for every supporting 
hyperplane H = {v G M n | (v,u) — c} C R n of conv(J) one has u G M> 0 . 

A set F C A" is called a face of X, if either F = 0, or F = X, or if there exists 
a supporting hyperplane H of X such that F — X fl H. We call F to be a proper 
face of X if F X and L/0. 

Let F be a proper face of conv(J). Let H = {v G R n | (v, u) = c} be a supporting 
hyperplane of conv(J) such that F = H fl conv(J). It may be observed that F is a 
compact face of conv(J) if and only if the vector u G (R + \{0}) n i.e. u(j) > 0 for all 
j = 1, —, n. 

We now define exposed points of X which we denote by exp (A"). A point a G A" 
is called an exposed point of A if the set {a} consisting of single point is a face of 
X. Hence for every a G exp(A) there exists a supporting hyperplane H = {v G 
M n | (v,u) = c} C M n such that {a} = X fl H i.e. ( a,u) = c and (b, u) > c for all 
b G A", b a. 

We denote the extreme points of conv(J) by ext(J) and the exposed points of 
conv(J) by exp(J). 

Proposition 1.2. Let I be a monomial ideal in a polynomial ring A = K[x i,..., x n ] 
over a field K. Then, a G exp(J) implies x a G G(I). 

Proof. Let a G exp(J) and H = {v G M n | (v,u) = c} C M n be a supporting 
hyperplane of conv(J) such that H fl conv(J) = {a}. Notice that u G (M + /{0}) n . 

Let G(I ) = {x ai ,..., a:“ s }. Then conv(J) = conv{ai, a 2 ,..., a s } + M> 0 - Therefore 
a = ]W =1 kiOi + v where K — 1, ki > 0, v G M> 0 . Now, since (a^u) > c and 
{w, u) > 0 for any O^wG R>o> ( a 5 u ) = c implies a = for some i. □ 
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Remark 1.3. For any closed convex set A C M n , one has exp (A") C ext (A") and 
ext (A") C cl (exp (A - )) where cl(exp(A)) denotes the closure of A in M n with respect 
to usual topology (see [7, Statement 3 and 9, Section 2.4 ]). In case X = conv(J), 
one has exp(J) is a finite set. Therefore cl(exp(/)) = exp(J), and hence exp(J) = 
ext(J) C r(G(/)). 


2. Minimal Monomial Reduction Ideal 

In this section we show that for any monomial ideal I & A = K[xi, ■ ■ ■, £ n ], there 
exists a unique minimal monomial reduction ideal J of I. We also show that the 
minimal monomial reduction ideal J of a monomial ideal / is a Kodiyalam reduction 
of/ 

Let L C A = K[xi,... ,x n ] be a graded ideal. An ideal N C L is said to be a 
reduction ideal of L, if there exists a positive integer m such that NL m_1 = L m . Let 
I denote the integral closure of an ideal I. It is known that N C L is a reduction 
ideal of L if and only if N = L(see [3, Exercise 10.2.10(c)]). 

Now let / C K[x i,..., x n ] be a monomial ideal. We say a monomial ideal J C / 
a minimal monomial reduction ideal of I if there exists no proper monomial ideal 
J' C J such that J' is a reduction ideal of I. For a monomial ideal one has 

r(7) = conv(J) n N n 

(see [6, Exercise 4.22 ]). Hence a monomial ideal J C / is a reduction ideal of / if 
and only if conv(J) = conv(J). 

Proposition 2.1. Let I be a moriomial ideal in a polynomial ring A = K[x i,..., x n ] 
over a field K with ext(/) = {a i,..., a r }. Then the ideal J = ( x ai ,..., x ar ) is the 
unique minimal monomial reduction ideal of I. 

Proof. To show that J is a reduction ideal of / is equivalent to prove that conv(J) = 
conv(J). For any monomial ideal L C A, we know that conv(L) = conv(r(G(L))) + 
M" 0 , [12, Lemma 4.3]. We also have r(G(J)) = ext(I). On the other hand it follows 
easily from [13, Section 8.9] that 

(1) conv(J) = conv(ext(/)) + R> 0 . 

These facts imply that conv(/) = conv(J). 

Again, it is also easy to see that J is the unique minimal monomial reduction 
of I. In fact, let L be any other monomial reduction ideal of I. We show that 
J C L. We have conv(J) = conv(L), and so ext (L) = ext(/). We know that 
ext(L) = exp(L) C r(G(L)), by Lemma 1.2. Therefore we have F(G(J)) C r(G(L)). 

□ 

For all nonnegative integers m, we dehne the ideal -fi m ^ := ( x mai ,... ,x mar ). 

Corollary 2.2. The ideal is the unique minimal monomial reduction ideal of 
I m for all m. 

Proof. Let us fix an m, and denote by J m the unique monomial reduction ideal of 
I m . First notice that ,fi m ^ is a monomial reduction ideal of I m . Indeed, as -fi m ^ is 
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a monomial reduction ideal of J m and J m is a monomial reduction ideal of I m , we 
have J^ is a reduction ideal of I m . Therefore J m C P m \ by Theorem 2.1. 

Next we claim that ext(J m ) D {mai,..., ma r }, and this will imply that C J m , 
by Theorem 2.1. 

Let Hi = {v G M n | ( v,Ui ) = eg} be a supporting hyperplane of conv(J) such 
that Hi fi conv(J) = {a*} for i — 1,... , r. We define the hyperplanes mHi = {v G 
M n | ( v,Ui) = meg}, i — 1,... , r and show that mHi is a supporting hyperplane of 
conv(/ m ) with mHi fl conv(J m ) = {mai}. This then will imply the above claim. 

It is clear that mai £ miLjflconv(/ m ). Now let a G T(/ m ) be an arbitrary element. 
Then a = Yl'jLi a ij + v where v G N n . It follows that (a, Ui) > mci, and is equal to 
meg if and only if a = mat, as Ui G (M+/{0}) n . It follows that (b,Ui) > mci for all 
b G conv(/ m ), and equality holds if and only if b = mat. □ 

Let / be a graded ideal in a polynomial ring A = K[x i,..., x n ] over a field K. The 
ith regularity of an ideal I is defined to be regj(J) = max{j : Tor f{I, K) i+ j 0} and 
the Castclnuovo-Mumford regularity of / is defined to be reg(J) = max{reg,(/) — i). 

Cutkosky-Herzog-Trung [5] and independently Kodiyalam [10] have shown that 
reg(/*) = pt + c for t 0. Also the coefficient of the linear function is known and 
it is given by 

p = min{6 ) (J) : J is a graded reduction ideal of /}, 

see [10]. Here 9(J) denotes the maximum of the degrees of elements in G(J). We 
define a reduction ideal J of / to be a Kodiyalam reduction if 9( J) = p. 

More generally, it is shown in [5] that regj(/*) = p^ + g* for i > 0 are linear 
functions. From the arguments in Kodiyalam’s paper [10] it follows immediately 
that po = p. 

Corollary 2.3. Let I be a monomial ideal in K[x ±,..., x n \, then the minimal mono¬ 
mial reduction ideal J of I is a Kodiyalam reduction. 

Proof. The proof is very much on the line of arguments of Kodiyalam (see [10, 
Proposition 4]). By the very definition of p , we have 9(J) > p. We now show that 
9(J) < p. It is enough to find a monomial reduction ideal L such that 9(L) < p, 
as G{J) C G(L ) because T(G(J)) = ext(J) = ext(L) C T(G(L)). Notice that 
ext(J) = ext(L), as L C / being a reduction ideal of /, we have conv(J) = conv(L). 

Consider the minimal monomial generating system of /, given by f\,..., f s where 
deg fi = di for all i and d\ < ■■■ < d s . Let j be the largest integer such that 
fj ^ m I k for any k where m is the maximal graded ideal in A. Then reg 0 (/*) > djt 
for all t. Set L = (/i,..., fj) and P = {fj+i, ■ ■ ■, f s )- Clearly L is a monomial ideal 
with 9(L) = dj. We claim that L is a reduction ideal of /. By the very choice of j, 
P t C ml 1 for some t. Then P — {L + Pf = L(L + P ) t ^ 1 + P l C LP + m P. Hence 
by Nakayama’s lemma, it follows that L is a reduction ideal of /. Now as 9(L) = dj 
and djt < pt + qo for t 3> 0. We have dj < p. Hence 9(L) < p. □ 

We call a monomial ideal L an extremal ideal, if G(L) = ext(L). In other words, 
a monomial ideal L is an extremal ideal if it is the minimal monomial reduction of 
itself. In particular, the ideal J in Theorem 2.1 is an extremal ideal. 

5 



Remarks 2.4. 1. Every squarefree monomial ideal is an extremal ideal. Let N C A 
be a squarefree monomial ideal and let x a E G(N) be a monomial generator. We 
show that a E ext(iV). As N is squarefree, for all i, one has a(i) = 1 or a(i) = 0. 
Let r < n be the cardinality of i’s such that a x = 1. We define a vector u G 
given by u(i) = 1 if a(i) = 1 and u(i) — n + 1 if a(i) = 0. We claim that the 
hyperplane S = {v E M n : (v,u) = r} is a supporting hyperplane of conv(W) with 
S fl conv(N) = {a}, which will imply that a G ext (AT). Clearly, S Eicon v(N) D {a}. 
Let b G conv(N) = conv(T((j(jV)) + M” 0 with b ^ a be an arbitrary element. We 
claim that (b,u) > r. Notice that it is enough to consider b G T(G(N)). Since 
x a ,x b G G(N), we notice that there exists an i such that b(i) = 1 and a(i) = 0. 
Hence ( b , u) > n + 1 and so ( b , u) > r. Hence the claim. 

Let n(L) denote the number of generators in a minimal generating set of a graded 
ideal L. 

2. Let / C A be a monomial ideal. Then we have /i(Rad /) < | ext(/)|. Infact, let 
J C / be the minimal monomial reduction ideal of I. Then one has Rad J = Rad/. 
Hence /i(R,ad/) = /i(R,ad J) < fJ>(J) = |G(J)| = |ext(/)|. 


3. A DESCRIPTION OF THE FACES OF COllv(/ m ) 

Let / = ( x ai ,x a2 ,... ,x as ) C A = K[x i,..., x n ] be a monomial ideal. We may 
assume that ext(J) := {cq,..., a r } is the set of extremal points of the convex hull 
of / after a proper rearrangement of generators. Then J = (x ai ,a; a2 ,... ,x ar ) is the 
minimal monomial reduction ideal of /, see Theorem 2.1. 

Next we consider the set of faces of conv(J). Let J 7 denote the set of proper 
faces and T c C T denote the set of compact faces of conv(J). Let F G T and 
S := {v G M n | (v,u) = c} be a supporting hyperplane of conv(J) such that 
S fl conv(J) = F. It may be observed that F G T c if and only if the vector 
u G (M + \{0}) n . For j = 1,... , n, we define e 3 = (0,..., 0,1,..., 0) G M" to be the 
unit vectors, 1 being at jth place. With this notation, we have 


Lemma 3.1. Let F G T be a face o/conv(/), and let S = {v E M”: (v,u) = c} be a 
supporting hyperplane o/conv(/) such that F = S D conv(J). Then F fl ext(J) 0, 
and 

F = convja^,..., a jt } + ^ ®>oej, 

{j ■ Hj)= 0} 


where F fl ext(J) = {a n ,..., a n }. 


Proof. Let a G conv(J). Then a = kiOi + v with ki — 1, ki > 0, v E M> 0 by 
Equation 1. Suppose F next (I) = 0. Then (a*,u) > c for all i = 1,..., r. Therefore 
we have (a, u) > c. Hence F — S fl conv(J) = 0, a contradiction. 

Now let F flext(/) = {aj 1 , ..., a Jt }. First let F be a compact face, then u E 
(M + \{0}) n . As ( ai,u) > c for all eq G ext(/)\{a J1 ,..., a Jt } and (v,u) > 0 for all 
0 / » G R> 0 , we notice that (a, u) — c if and only if a E convla^,..., a n }. Hence 
F = conv{a jl ,...,a jt }. 

Now let F be an noncompact face and let Z = {j : u(j) = 0}. Notice that the set 
Z 0. As (a*, u) > c for all a* G ext(/)\{a J1 ,..., a Jt } and (u, u) > 0 for all v E M> 0 
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with (v,u) = 0 if and only if v G ®">o e j> we see that ( a , u ) = c if an d only if 

a G con v{a h ,..., a jt } + ^2 {j . u{j)=0} R> 0 ej . □ 

As an immediate consequence of Lemma 3.1 we obtain 

Corollary 3.2. Let S = {v G M n | (v,u) = c} be a hyperplane. Then S is a 
supporting hyperplane of conv(/) if and only if ( a^u) > c for all a* G ext(J) and 
(aj, u) = c for some aj G ext(J). 

Lemma 3.3. Let S — {v G M” | (v,u) = c} where u G R n ; c G R, fee a hyperplane, 
and let ri \, n 2 > 1 fewo integers and q = n 2 jn\. Then S is a supporting hyperplane 
of conv(/ ni ) if and only if qS = {v G R n | (u,w) = gc} supporting hyperplane of 
conv(/” 2 ). 

Proof. We know by Corollary 2.2 that ext(/ m ) = (ma 1 ,..., ma r ) for all m > 1. Now 
5 is a supporting hyperplane of conv(/" 1 ) if and only if ( n\Oi,u) > c for all niOj G 
ext (I ni ) and ( n\Oj,u) = c for some n\a 3 G ext(/ ni ). This is the case if and only if 
(n 2 ai,u) = (( n 2 /ni)niai,u) = q(n\Oi,u) > qc and ( n 2 aj,u ) = q{n\Oj,u) = qc. This 
is equivalent to say that qS is a supporting hyperplane of conv(/ n2 ), see Corollary 
3.2. ^ □ 

Let T be the set of proper faces of conv(7). For each F G T we choose a 
hyperplane S = {v E M n | (v,u) = c} with F = S fl conv(J). Then by Lemma 3.3, 
for any nonnegative integer m, the hyperplane mS is a supporting hyperplane of 
conv(/ m ), and we set mF = mS fl conv(/ m ). It is easy to see that this definition 
does not depend on the choice of S. Indeed, 

mF = con v{maj 1 ,..., nia Jt } + R>oC/ 

{j - u(j)= 0 } 

if F Dext(I) = {(ij 1 , • • •, Oj t }. We denote by mF the set of proper faces of conv(/ m ). 
As an immediate consequence of Lemma 3.3 we get 

Corollary 3.4. The map F —> mF, F 1 —► mF is bijective. 

4. The structure of the reduced fiber ring of an extremal ideal 

The main result of this section is Theorem 4.9 which gives us the structure of the 
reduced fiber ring of an extremal ideal. We proceed gradually towards it preparing 
the ground to prove it. We will use all the notation from previous section. 

Recall that a monomial ideal L C A = K[x 1 ,... ,x n ] is said to be an extremal 
ideal if T(G(L)) = ext(L). In other words an extremal ideal is the minimal monomial 
reduction of itself, see Proposition 2.1. 

The main motivation to study the structure of the reduced fiber ring F( J) re d of an 
extremal ideal is to determine the dimension of the fiber ring F(I) for any monomial 
ideal I. As one notices that dimjF(J) = dimJP(J) = climjF(J) re d, therefore it 
is enough to consider the reduced fiber ring F(J ) re d as far as the dimension is 
concerned. We will see that in general the structure of the reduced fiber ring of an 
extremal ideal is more simple than that of the original fiber ring. 

For the proof of Theorem 4.3 we shall need the following 
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Lemma 4.1. Let a = Yh=i h a i where U are nonnegative integers, — rn and 
ext(/) = {ai,..., a r }. If {a* : k 0} (jL F for some F G IF, then a f rnF. 

Proof. Let S = {v G j (v, u) = c} be a supporting hyperplane of conv(J) such 
that S fl conv(/) = F. Then mS = {v G M n | (v,u) = me} is a supporting 
hyperplane of conv(/ m ) such that mS fl conv(/ m ) = mF. 

Suppose that a G mF. Then we have (a, u) = me. Since {a* : 7 ^ 0} (jL F, there 

exists at least one j such that (a,-, u) > c which implies (a, u) > me, a contradiction. 

□ 

Remark 4.2. From the above lemma, it follows that if the set {a* : U 0} (£_ F for 
any F £ F, then a f G for any G G mJF. Indeed, as for every G G mF there exists 
F G F such that G = mF, by Corollary 3.4. 

The following theorem is crucial in our study of the structure of the reduced fiber 
ring of an extremal ideal. 

Theorem 4.3. Let J be an extremal ideal with G(J) = {/ 1 ,..., f r } and f) = x aj 
for j = 1,... ,r. Let Z = {o . J1 ,..., a ]t } be a subset of F(G(J)). Then the following 
conditions are equivalent: 

(1) Z C F for some compact face F G F; 

( 2 ) For all 4 > 0 one has ff ■ ■ • /J* G G( J m ) where m = Yll=i hi 

(3) For all U S> 0 one has f l f ■ ■ ■ /J* G G(J m ) where m = Y^i=i h- 

Proof. (1) ( 2 ) Suppose there exists some nonnegative integers U such that f = 

fjl '' ‘ fjl & G(,J m ) where m = ^ /j. Then there exists g G G(J m ) such that f = hg 
where deg h > 0. Let S := {v G M n | (v,u) = c} be a supporting hyperplane such 
that F = S fl conv(J). Notice that as F is a compact face, the vector u belongs 
to (M + \{0}) n . Now since the set Z C F, (aj k ,u) = c for all k = 1 ,...,t. Then 
we have (T(/ , ),u) = me, but since (F(h),u) > 0 and (F(g),u) > me, one has 
(F(hg),u) > me, a contradiction. 

(2) =>• (3) is trivial. 

(3) (1) Suppose if Z (jL F for any compact face F G F, then we prove that for 
all 1 ; > 0 we have f l f ■ ■ ■ /J* f G(J m ) where m = Yll=i h- 

Let / = fj 1 ---fj t ■ We will show that f mo = ■ ■ ■ f™'° f G(J mot ) for some 

positive integer mo- From which it clearly follows that /j* • • ■ /■* ^ G(J m ) for all 
li > mo where m — 'Y^h- 

Notice that in order to show that f m ^ G(J mt ) for some m, it is enough to show 
that f k fi G(J kt ) for some k. As let f k f G(J kt ) for some k. Then, f k = gh where 
h G G(J kt ) and deg g > 0. Now as h G G(J kt ), h kl G J ktkl for some k\ which implies 
f kk 1 = g kl h kl f G(J ktkl ). Hence taking m = kk\, we have f m f G(J mt ). 

We have assumed that Z (jL F for any compact face F G F, but nevertheless 
Z may be a subset of a noncompact face in F. We divide the proof in two cases 
depending on whether Z is a subset of some noncompact face or not. 

Case 1: First we assume that Z F for any face (compact or noncompact) 
F G F. Suppose f m G G(J mt ) for all m. Without loss of generality, let x-ff. Since 



/ G G(J f ), g — f/xi ^ JL Hence / G conv(J < ) and g ^ conv(J 4 ). Let l be the line 
segment joining T(/) and T(g). Then l intersects conv(J*) at some point p G tF 
where F is a face of conv(J), see Corollary 3.4. Notice that p T(/), see Remark 
4.2. Hence, T(/) — p + v where 0 < ||n|| < 1. Now for any m, consider the line 
segment joining T(/ m ) and T(g m ), we denote this line segment by ml. We have 
T (f m ) = mp + rrw where mp G mtF and mtF is a face of conv(J mt ). Again as 
f m G G{J mt % f m /x i ^ J rnt . Notice that T(f m /x i) and mp he on ml, and since 
Y(f m /xi) ^ conv(J mt ) and mp G conv(J mt ), we have \\mv\\ = ||mp — T(/ m )|| < 
||T(/ m ) — T(f m /xi)\\ = 1 for any m, a contradiction. 

Case 2: Now assume that Z C G for some noncompact face G G F and that 
{aj 1 ,... ,dj t } (jL F for any compact face F G F. We prove that f m ^ G(J mt ) for 
some m = m 0 by induction on dim G. If dim G = 1, then / ^ G(J*), because it 
follows from Lemma 3.1 that the only point on tG which corresponds to a generator 
of J 1 , is an extremal point of conv( J f ) and certainly a = + • ■ • + aj t is not an 

extremal point of conv(J i ), see Corollary 2.2. Now let dim G = p > 1. We may 
assume that {a^,..., aj t } (jLG' for any proper face G' of G. As if {a^,..., aj t } C G' 
for some proper face G' of G, then G' is a noncompact face of G with dim G' < dim G 
and we are through by induction. 

Let S := {v G M n | (v,u) = c} be the supporting hyperplane of conv(J) such that 
S fl conv( J) = G. Since G is a noncompact face, there exists j such that u(j) = 0. 
Consider a\ := a n + • • • + a,j t — A(0,..., 1,..., 0), 1 being at jth place, A > 0. Notice 
that there exists Ao > 0 such that a\ 0 ^ conv(J). Let /o be the line segment joining 
a and a\ 0 . As a G Iq fl tG, the intersection of l 0 with tG is a nonempty convex 
set. Let l = l 0 fl tG be the line segment joining a and ay where ay lies on some 
proper face tG' of tG and A' > 0, as dim G' < dim G. Also ay < a, so we have 
a = ay + w, with ||tc|| = A' > 0. For any positive integer m, may G rntG' and 
||ma — maA'H = m||a — oa'|| = m||w|| > 0. Let for m = m 0 , m||w|| > 1. Then for 
m = mo, ma and ma — (0,..., 1,..., 0) lies on mtG, 1 being at j th place, so that 
T(f m /xj) G mtG which implies f m /xj G J mt and hence f m ^ G(J mt ) for m = m 0 . 

i I 

Let S = K[x\,... ,x n ,y\,... ,y r \ be a bigraded polynomial ring with degm, = 
(1, 0) and deg i/j = ( dj, 1). Recall J = (/i,..., f r ) where fj = x aj and deg fj = dj. 
Let ip be the surjective homomorphism from S to 1Z( J) = K[x i,..., x n , fit ,..., f r t], 
given by Xi i—> Xj and yj > fjt so that S/L = 1Z{J) where the ideal L is generated 
by binomials of the type g\h\ — 5^2 where gi, #2 are monomials in Xi and h\, h -2 are 
monomials in yj. Notice that deg hi = degh 2 . 

Now consider the fiber ring F(J) = 1Z(J)/mlZ(J) of the ideal J where m = 
(x\,... ,x n ) C A. Then F(J) = S/(L,m ) = T/D and hence JF(J) red = T/RadD 
where D is the image of the ideal L in T = S/m, and T = K[pi,..., y r ]. Let 
if = (p®S/ m: T —» F(J) be the induced epimorphism. We have D = Ker-0. Notice 
that the ideal D is generated by monomials and homogeneous binomials in the pj. 
In fact, if g\h\ — (^2 is a generator of L, then its image in T is a monomial, if one 
of the gi belongs to m, and otherwise it is a homogeneous binomial. We have the 
following lemma: 
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Lemma 4.4. Let b = b\ — b 2 G D be a homogeneous binomial generator of D 
with b x = y\---y\f, b 2 = y™' 1 • • • y™" and ^=1 k = EJ=i m j = t. If the set 
{a*!,..., a iu } C G for some G G F c , then also the set {a 3l ,..., a Jv }cG . 

Proof. As b E D, we have ^(6) = 0, i.e. ^(&i) = f>{b 2 ). Therefore we have 
x lia h ■ ■ ■ X l U ai u — x rnia h ' ' ' x m v a jv , anf ] SQ ^" =1 l p a ip = YH=l m k a j k - Let the Set 

{a^,..., a iu } C G for some G G F c . We show that {a J1 - • • •, ay,} C G. Let 
S := {v G M n j (v,u) = c}, be the supporting hyperplane of conv(J) such that 
S fl conv( J) = G. 

We have {Y2k=i m k a j k , u ) = (Ep=iW) M ) = tc ■ Suppose {a n ,..., a 3v } (jL G, 
then there exists at least one k 0 G {1,..., v} such that aj kQ f G. Since ( aj k ,u) > c 
for all k, it follows that ( aj ko ,u) > c which in turn implies that (521 =i lk a j k , u ) > ic, 
a contradiction. □ 

We denote by F c the set of compact faces, and by F mc the set of maximal compact 
faces of conv(J). Let F G F mc \ we set P F = (y 3 : a 3 ^ F) and we denote by B F the 
kernel of d F : K[y 3 : a 3 Gf]-> iL[F] := K[f)t : a 3 G F] where 0 F {yf) = fjt. 

With the notation introduced we have 

Proposition 4.5. Rad D = (flpe^ p f, 52 F eT mc B f) = b f)- 

Proof. For the proof we proceed in several steps. 

1. Step: Let / be a monomial in T. We claim that / G Rad D -<=>- / G fl FeTmc B ’ F ■ 

We may assume that / is squarefree. So let f — y 31 ... y 3k with ji < ji < • ■ • < jk and 
assume that / G Rad.D. Then f n ° G D for some integer no, and hence tH/” 0 ) = 0. 
This implies that x noajl ■ ■ ■x n ° ajk G mJ n ° fc . ffence x najl ■ ■ ■ x najk is not a minimal 
generator of J nk for any n > n 0 . Now Theorem 4.3 implies that {a 3 1 ,..., a 3 k} (jL F 
for any compact face F G F. This shows that / G Offt,,,,- Bp ' 

Conversely, assume that / G P| FeJF P F . Then {a 31 ,... : , a 3k } (jL F for any F G 
F mc . This implies that {a,j 11 ..., aj k } (jL F for any compact face. From Theorem 4.3 
we conclude that there exists an integer m such that (x°u • • ■x aj k) m G m J krn . Since 
if(f m ) _ y.a n .. ' X a 3k yi f () n ows that f™ ^ jj^ and hence / G Rad-D. 

2. Step: D C (flne^c ^F&F mc 

It follows from the first step that all monomial generators in D belong to the ideal 
(PIfgf LV, 52fgf Bf)- Now let b = b\ — b 2 be one of the homogeneous binomial 
generators of D with b x = y\ ■ • -y-“, b 2 = y™ 1 ■ ■■yjj and 52(=i l i = EJ=i = t. 
As b G D, we have f>{b) = 0, i.e. = ^(^ 2 )- Therefore we have x liai i ■ ■ -x luaiu = 
X mia n ■ ■ ■ x m " a ^, and so Ep=i lp a i P = ElUi m k a jk- We sllow that b G EFe^„„ : Bf, 
if b fl F&Fmc P ' F • L 1 fact, if b £ 2\ F&Fmt: Pf, then one of the 6j, say b\ f Offt,,,,- L’f- 
This implies that {an,..., ai u } G G for some compact face G G F mc and then from 
Lemma 4.4, {a 2 1 ,..., a 2v } G G. Hence, b = bi — b 2 G Bq. 

3. Step: 52F£F mc B F c D - 

Notice that B F = Kerdp and D = Ker-0. Certainly, for each F G F mc , Kerd^ C 
Ker^ and hence 52F&F m c Bf C D. 
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4. Step: ClF^rnS^F, Bp) — (flFe^c Bf, ^F&Fmc Bf)- 

For each P G F mc , let Qf — ( Pf , Bf), and let M = Q\p(zp mc Bp and B = EFeFm- Bf. 
In order to show that (M, B) = Q| FeJC . Qf, we proceed in the following steps: 

(i) First we show (M,B) C DFeF mc ^ F - Clearly, for each F G P mc , M C Qf- 

Now we also prove that B C Qf for all F G P mc . Take 6 = 61 — 62 £ B with 
Q = ■■■y \ u u , h 2 = 2 /Ji 1 •'' Vj? and EIU h = EJ=i = *■ Suppose that 6 <£ B G , 

then we prove 6 G Pc As b £ Bq , it implies that for one of the b i: say for bi, 
there exists y lp \bi such that di p ^ G. Once we show that there exists also some 
k G such that y Jk \b 2 and dj k £ G, then it will imply that 61,62 £ Pg 

and hence 6 G P G . Suppose this is not the case, then {a n , ..., a 3v } G G. But then 
from Lemma 4.4, we have {a^,..., a^} G G which is a contradiction. Hence we 
have(M, B) C f| F eT mc Q F - 

(ii) Notice that for each F G F mc , Qf is a prime ideal. Indeed, Qp being the kernel 

of the surjective map Tip '■ K[yi, • • •, y r ] —>• K[f%t : a* G P] given by = fjt, if 

dj G P and Fp(yj) = 0, if dj ^ P, the assertion follows. 

(iii) We claim that {Qf : P G P mc } is the set of all the minimal prime ideals 
containing (. M,B ). Let P be any prime ideal containing (M, B), then it implies 
that P D M = n.F mc Bp and so P D P G for some G G P mc . Also, P D B = jT Bp. 
Hence P D Q G . 

(iv) We claim (. M,B ) is a radical ideal, that is, Rad (M,B) = (M,B). This 
amounts to prove that for all Qp , ( M,B)Tq f = Q f Tq f . Fix G G F mc , the set 
{y t : di G G} C T\Q g and hence all y k such that a ; G G are invertible in Tq g . 
For all Pp, F G, there exists at least one y 3 G Pp such that y 3 G G, as oth¬ 
erwise Pf C P g which implies F D G, a contradiction. Hence for all P / G, 
PfTqg = t Qg • Therefore we have ( M,B)T Qg = (Dfgf^ p f, Ef6^ c B f ) t Qg = 
(Pg, Efgf^ b f)T Qg = (Pg,Bg)Tq g = QgTq g - 

Since by (iii) we have Rad(M, B) = fl FeTmcQp h follows then that (. M,B) = 
fl FeTmc Q p - Now by Step 1, Step 2 and Step 3, one has 

D C ( n e Bp) C R,ad D. 

F&Tmc F&Tmc 

Finally by Step 4, we have (Dfgf^ Bf, Efgf^ B f ) = r\ Fe F mc ( p F, 5 f) which is a 
radical ideal. Hence we have Rad D — (Hfgf Pf, Efgf Bf) = DpeF (Pf,Bf). 

□ 

We denote by Min(P) the set of minimal prime ideals of a ring R. 

Corollary 4.6. Let I C A be a monomial ideal. Then there is an injective map 

Fmc -> Min(P(/)). 

This map is bijective if I is an extremal ideal. 

Proof. Let J be the minimal monomial reduction ideal of I. Then J is an ex¬ 
tremal ideal. From above proposition we have P(J) re d — T/ Hfgf (Bf, Bf) where 
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(Pp, Bp) is a prime ideal for each F G F mc . Hence there is a bijective map 

Pi: F mc -> Min(F( J)) 

given by F (Pp, B F )/D. 

As F(/) is integral over F(J), for each P G Min(F(J)) there exists a minimal 
prime ideal Q G Min(F(/)) such that P = Q fl LF(J). Therefore there exists an 
injective map p 2 from Min(F(J)) to Min(F(/)), and hence p = p 2 o pi : F mc —> 
Min(F(/)) is the desired injective map. Finally, if / is extremal, then I = J and 
p = pi is a Injection. □ 

Next corollary gives us a combinatorial characterization of the fiber ring of an 
extremal ideal J to be a domain. 

Corollary 4.7. Let J = (x ai , ..., x ar ) be an extremal ideal. Then the following 
conditions are equivalent: 

(1) The fiber ring F( J) is a domain; 

(2) The reduced fiber ring F(J) re d is a domain; 

(3) |Fmc| = 1- 

Proof. (1) (2) is obvious, and (2) (3) follows from Corollary 4.6. 

(3) (1): Let \F mc \ = 1. Then it follows from Proposition 4.5 that Rad D = 

(Bp, Pp) where F G F mc . Notice that as there is only one maximal compact face P, 
the ideal Pp is the zero ideal. Hence (Pp, B F ) = B F . Also by Step 3 in the proof of 
Proposition 4.5 we have B F C D. Therefore we have Rad D = D = B F which is a 
prime ideal. Hence F(J) = T/D is a domain. □ 

By the above corollary the fiber ring of an extremal ideal J is a domain if and only 
if there is only one maximal compact faces of conv(J). But in general the property 
of being reduced cannot be characterized in terms of combinatorial properties of 
conv(J), as the the following simple example demonstrates: 

Example 4.8. Consider the two extremal ideals J\ = (x 6 ,x 2 y,xy 2 ,y 6 ) and J 2 = 
(x 8 , x e y, x 2 y 7 , y 12 ) in the polynomial ring A = K[x, y]. It is easy to see that conv(Ji) 
and conv( J 2 ) have the same face lattices. Nevertheless the fiber ring of the ideal J\ 
given by F(Ji) = K[y u y 2 , y 3 , y^/{ym, 2 / 22 / 4 , ym) is reduced while the fiber ring of 
the ideal J 2 given by F(J 2 ) = K[y 1 ,y 2 ,y 3 ,y 4 \/(y 1 y A ,y 2 y 2 ,y 2 y 4: - ywfiyjyfi is not 
reduced. 

Next we define an inverse system of semigroup rings K[F] for P G F c (set of 
compact faces of conv(/)) where K[F] = K[fit: a* G P] with fi = x ai . For GcP, 
dehne the ring homomorphism 7t gf : K[F] —> K[G\, given by 7 r G p(/jt) = fit, if a* G 
G and vr G p(/,4) = 0, otherwise. Notice that ttgf is well defined. To see this, we need 
to show that if fij i2 ■ ■ • fi k t k = f h f j2 ■ ■ • f jk t k where {a h , ...,a ik }, {a h , ...,a jk } C 
P, then 7r GF (fiJ i2 ■ ■ ■ fi k t k ) = n GF (f j J j2 ■ ■ ■ f jk t k ). If n GF (f ik ■ ■ ■ fi k t k ) = 0, then 
{a^,..., a lk } (jL G. Since y h ■ ■ -y ik - y jl ■ ■ -y jk G D it follows from Lemma 4.4 
that {ojj,..., a 3k } (jL G, too. Hence n GF (fj 1 ■ ■ ■ fj k t k ) = 0. On the other hand, if 
7 Tgf(/u • • • fij k ) ~f~ 0 , then 7T GF (f jl ■ ■ ■ f jk t k ) 0 , and so 

vt G f(/h ■'' fi k t k ) = /«■■■ fifi k = f h ■'' fik tk = * G F(fh ■ ■ ■ 
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Hence 7r■ • • fi k t k ) = vr Gf (4 ■ ■ ■ fj k t k ) in both cases. 

Also we may notice that for H C G C F and F G F c , one has 7rp G o 7r G p = 7rpp. 
Hence the inverse system is well defined. 

Theorem 4.9. F(J) rec j = lim p g p r /l[F], 

Proof. For each F G T c consider the ring homomorphism 7Tp from A [y j,..., y r ] to 
A[F] given by 7r= fjt, if aj G F and F F (yj) = 0, if a,j ^ F. 

Notice that Ker7Tp is equal to the ideal Qp := (. Bp,Pp ). We define the map 

TriA^,...^] — 0 A[F], 

FeF c 

given by 7T = ( TTp)p e p c . We have Ker7r = flp e p f: Qf = Fp). We claim 

that for all G C F one has Qf C Qg■ Indeed, for all G C F, Pp C P G and by the 
proof of Proposition 4.5, Step 4(i), we have Pp C (P G ,P G ). It follows that 

Ker 7r = Qp. 

F GlF me 

Therefore Proposition 4.5 implies that Ker7r = RaclF. Thus we have 

K[yi,y r \/ Ker n = F( J) red . 

It remains to show that Im(7r) = limp e _p c A[F]. First notice that Im(7r) C 
limp e _p c A[F], since 7r G p o p F = p G for all G C F. 

Now let v = (m F ) Fe p c £ hmp 6 .p c A[F]. We may assume that for each F € F c , 
the element m F is a monomial in A[F] since all homomorphisms in the inverse 
system are multigraded. For each F G F c , we choose g F G A[yi,..., y r ] such that 
7 rp(fi'p) = rriF and with the property that whenever m F = m G in A[xi,...,&„,£] 
then it implies g F = gc- (Notice that for each F E F, the A--algebra K[F] can be 
naturally embedded in the A-algebra A[xi-,..., x n , t}). 

Let Z = {m F : m F 0, F G F c } = For each i = 1,...,/, we 

define the set Aj = {F G T c : Trip = wij}. We claim that for each Aj one has 
Dfga F ^ A- Fix an f and notice that it is enough to show that for any F,G E Ai 
we have F fl G G Aj. Let m F = f H ■ ■ ■ fi p t p = f n ■ ■ ■ fj p t p = m G . Then it follows 
by Lemma 4.4 that the sets {a ix ,..., a ip }, {aj 1 ,..., a,- } C F fl G = H. Therefore 
Pppirrip) = m F and 7Tp G (m G ) = m G . Also as v = (nip) p e p c G limp e p c A[F] we 
have 7rpp(mp) = mp = 7rp G (m G ). Hence m G = m F = mp, so H G Aj. Hence 
Hi = P)p g ^. F G Aj, i = 1,..., /. 

For each i, we choose a monomial g H . G A[r/!,..., y r ] such that 7 
For all F G Aj, we define g F = g^, i = 1,..., l and for all F G F c \ U!=i A) we 
define gp = 0. Notice that for all F G F c , we have 7 T F (g F ) = m F . Indeed, let 
F G J- c . If F G JF C \ Uj—i Aj, then g F = 0 = m F and we have n F (g F ) = m F . If 
F G Aj for some i, then as we have 7Tp t p o n F = p Hj and F H .{g F ) = = mp, it 

follows by the very definition of the map 7r^p that 7 T F (g F ) = m F . Moreover, by our 
choice of the g F we also have g F = go whenever m F = me- 

Now let S = {g F : F G F mc }, and let r/ = J2 gF es9F- We claim that 7r(p) = v, i.e. 
— m G f° r all G G F c . Notice that it is enough to show that 7r G (.g) = m G for 
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all G G Tmc- In fact, if H G F c there exists G G T mc such that H C G, and since 
n G (g) = m G , we have vr H (g) = ^hg{^g{q)) = n HG {m G ) = m H . 

Now let G G T mc . We claim that n G (gp) = 0 for all gp g G , so that we have 
7r G (g) — m c j as asserted. 

To prove this claim, let gp = y tl ■ ■ ■yi p and suppose that n G (gp) 0. Then we 
have {(pj,..., cii p } C G fl F. Let H — G fl F, then H G F c . Since v G lim p e ^- c K[F] 
and H is a common face of F and G, we have tthf(itif) = m-H = ^H G { m G ) ■ As 
{djj,..., a lp } C H , we have 0 ^ rrip = 7r hf(itif) = m h = 7r hg{™>g) — m G■ Hence 
9f = g G : a contradiction. □ 

The analytic spread £ of any ideal / in a Noetherian local ring (R, tn) is given by 
the Krull dimension of the fiber ring F(I) of I. It has been shown by Carles Bivia- 
Ausina [4] that the analytic spread of any non-degenerate ideal / C C[[a:i,... ,x n ]] 
is equal to the c(J) + 1 where 

c(J) = max {dim F : F is a compact face ofconv(J)}. 

Next we show that for monomial ideals this result is an immediate consequence 
of our structure theorem (Theorem 4.9). 

Corollary 4.10. Let I C A — K[xi,...,x n ] be any monomial ideal. Let l = 
dimjC(/) be the analytic spread of ideal L Then 

l = c(J) + 1 = max{dim F : F is a compact face of conv(/)} + 1. 

Proof. Let J be the minimal monomial reduction ideal of I. We have t = dim T{1) = 
dimjC(J) = dimjC(J) red . By Theorem 4.9, we have JC(J) red = lim p e ^ c K[F] C 
®FeF c K[F]. Therefore dim(jF(J)) < max{dim K[F\ : F G JT C }. As dim K[F\ = 
dim F + 1, it follows that ^ < c(I) + 1. 

For proving l > c(I) + 1, we notice that the canonical homomorphisms 

tt g : \un Fe pK[F] ^ K[G] 

are surjective for all G G F c . Indeed, if m is a monomial in K[G\ and v = (nip)p £ ^ c G 
lim p e p c K[F] with 

_ J m, if supp(m) C F, 

171F {0, if supp(m) C F, 

then 7 tp(v) = m. Here supp(m) of some monomial m = x°f ■ ■ -xfp G A is defined to 
be supp(m) = {a^ : a* ^ 0}. 

It follows that dim F(J) > dim K[F] for all F G F mc . Therefore we have i > c(/) +1, 
as desired. □ 

5. On the reduction number of a monomial ideal 

In this section we consider the reduction number of a monomial ideal / G A with 
respect to the minimal monomial reduction ideal J. We show in Corollary 5.3 that 
if L m is integrally closed for m < t then / is normal and the reduction number of 
/ with respect to J is less than i — 1. Here l denotes the analytic spread of the 
monomial ideal I and the reduction number of an ideal / with respect to J is defined 
to be the minimum of m such that JI m = I m+l . 
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Theorem 5.1. Let I C A = K[x i,..., x n ] fre a monomial ideal and J its minimal 
monomial reduction ideal. Let l be the analytic spread of I. Then 


I m = JI m " 1 for all m > £. 

Proof. We may assume / is a proper ideal, and let / = (x ai , x a2 ,..., x as ) where 
fi = x ai = ■ ■ ■ Xn^ for i = 1 , ...,s. Without loss of generality, let 

J = (x ai ,x a2 ,..., x ar ) be the minimal monomial reduction ideal of / so that ext(J) = 
{ai,...,a r }. Let m > £, we show J m C the other inclusion being trivial. 

Let x h G I m = J m where x b = xjd) • • -x^ n \ 

For the proof we consider the following two cases: 

Case 1. b G F where F is a face of conv(/ m ). 

First we claim that b = b\ + v where b\ G G for some compact face G of conv(/ m ) 
and v G R> 0 . If F is a compact face, then we take v — 0 and b\ = b. Now let F be 
a noncompact face. We prove the claim by induction on dim F. If dim F = 1, then 
clearly b = ma.i + v where v G R> 0 for some a* G ext(J). Now let dim F — t > 1. Let 
S = {r G K" (v , u) = c} (where u = (w(l),...., u(n)) G R n , c G R) be a supporting 
hyperplane of conv(/ m ) such that S flconv(/ m ) = F. Since F is an noncompact face 
there exists u(j) such that u(j) = 0. Consider b\ := b — A(0,..., 1,..., 0), 1 being 
at jth place, A > 0. Notice that there exists A 0 > 0 such that b\ 0 f conv(/ m ). Let 
Iq be the line segment joining b and b\ 0 . The intersection of Iq with F, is nonempty 
and therefore is a convex set. It follows that l = Iq Cl F is a line segment joining b 
and b\> where b\> lies on some proper face F' of F and A' > 0. Therefore bby + w 
with by G F' and w G R> 0 - By induction, by — b\ + w' where b\ G G for some 
compact face G and w' G R> 0 . Hence b — b\ + v with v = w + w' G R> 0 - Hence the 
claim. 

As G is a compact face we have dim G < t by Corollary 4.10. Now since b\ G G 
and there exists p < £ affinely independent vectors {a^,..., at p } C ext(J) such 
that b\ = Y7j=i kj a ij with = m - Since p < £ < m, there exists a l;jo such that 
b\~ a i jo ^ conv(/ m_1 ). Therefore, b—a ijQ = bi~a ijo +v G conv(/ m-1 )nN n = r(/ m_1 ). 
Hence b G r(J/ m_1 ). 

Case 2. b £ F for any face F of conv(/ m ). 

Let / = x b . We may assume that / G G(J m ). Without loss of generality, let xff. 
Since / G G(J m ), g = f/x i f J m . Hence b G conv(/ m ) and r(g) f conv(/ m ). Let 
l be the line segment joining b and T(g). Then / intersects conv(/ m ) at some point 
a G F where F is a face of conv(/ m ). Hence, b = a + v where v G R> 0 - Now by the 
proof of first case, we may write a = a\ + V\ such that a\ G G for some compact face 
G of conv(/ m ) and v\ G R> 0 - Hence b = a± + w where w — v + v\ G R> 0 . Hence as 
in the above case, we get that x b G JI m ~ 1 . □ 

Remark 5.2. There is a related result by Wiebe. He shows that for the maximal 
graded ideal m in a positive normal affine semigroup ring S of dimension d one has 
m n+1 = mtrC for all n > d — 2, and that a" +1 = acC for all n > d — 1 if a C S is an 
integrally closed ideal, see [1, Theorem 2.1], 
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Corollary 5.3. Let 7“ be integrally closed for all a < £ — 1, then I 1 = JP 1 and I 
is normal, i.e. I a is integrally closed for all a. 

Proof. By the above theorem we have P C J7 £_1 , and since P~ x = P~ l , we see that 
P C JP~\ Henc e P = JI e ~ 1 . 

Also, P = JP~ l = JP~ 1 C P C P. Hence P = P. By applying induction on a, 
one has P = 7“ for all a. □ 

Remarks 5.4. (a) Corollary 5.3 is a generalization of a result by Reid, Roberts 
and Vitulli [11, Proposition 2.3] . They proved that if I C A = K[xi,... ,x n ] is a 
monomial ideal and I m is integrally closed for m < n — 1, then I is a normal ideal. 

(b) In Corollary 5.3, once we assume that the monomial ideal I is normal, then 
the bound on the reduction number with respect to monomial reductions can be 
obtained as a consequence of a theorem by Valabrega-Valla [14] and the improved 
version of the Briancon-Skoda theorem due to Aberbach and Huneke [2], Infact, if I 
is a normal monomial ideal, then 7?(7) is Cohen-Macaulay and hence F(I) is Cohen- 
Macaulay. Thus by Valabrega-Valla [14] and Aberbach-Huneke [2], the reduction 
number of I with respect to monomial reductions is less than the analytic spread £ 
of 7. I am thankful to Prof. Verrna for this information. 
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